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We have studied Josephson tunneling through a circularly polarized micron or submicron-size disk
of a soft ferromagnetic material. Such a disk contains a vortex that exhibits rich classical dynamics
and has recently been proposed as a tool to study quantum dynamics of the nanoscale vortex core.
The change in the Josephson current that is related to a tiny displacement of the vortex core has
been computed analytically and plotted numerically for permalloy disks used in experiments. It
is shown that a Josephson junction with a magnetic disk in the vortex state can be an interesting
physical system that may be used to measure the nanoscale motion of the magnetic vortex.
PACS numbers: 74.50.+r,75.70.Kw,75.45.+j
I. INTRODUCTION
Josephson tunneling through uniformly magnetized
ferromagnetic layers has been intensively studied in the
past1. In this paper we are interested in the Josephson
effect in the case when a ferromagnetic layer contains a
vortex of the magnetization field. Our interest to this
problem is two-fold. Firstly, micron-size disks of soft
ferromagnetic materials naturally form a vortex ground
state due to magnetic dipolar interactions. The variety
of spatial dimensions of such disks2–5 ideally suites typ-
ical parameters of Josephson junctions, with the disks’
thickness range being comparable to the values of the
coherence-length of conventional superconductors.
Secondly, recent macroscopic evidence of quantum dif-
fusion of vortices in the array of submicron and micron-
size magnetic disks raises question whether an individual
vortex tunneling event can be observed by measuring the
change in the tunneling current through the disk. Curling
of the magnetization in the plane of the disk leaves vir-
tually no magnetic “charges”6,7. Still the topology of the
vortex state generates a very weak uncompensated mag-
netic moment that sticks out of the plane of the disk. It is
confined to the vortex core (VC) of diameter comparable
to the material exchange length7,8. Recent experimen-
tal works reported evidence that the dynamics of the VC
is affected by the presence of structural defects in the
sample9–12. This is indicative of the behavior similar to
that of the elastic string in a random pinning potential13,
with the finite elasticity of the vortex provided by the ex-
change interaction14.
In Ref. 11 the non-thermal magnetic relaxation under
the action of an in-plane magnetic field below T = 9 K
has been reported. It has been attributed to the quan-
tum diffusion of the VC in a random potential landscape
towards the energy minimum. At low temperatures only
the softest dynamical mode of the vortex can be acti-
vated, which corresponds to the gyrotropic motion of the
VC. It consists of the circular motion of the VC15–19 that
is equivalent to the uniform precession of the magnetic
moment of the disk. The diffusion of the VC, while con-
ceptually similar to the quantum diffusion of an elastic
string13, is mathematically different as it involves gyro-
scopic motion of the massless vortex14.
The problem of quantum tunneling of the VC out of
the potential well created by the pinning potential has
been recently studied in Ref. 20. It was found, that
the low-temperature quantum diffusion of the VC occurs
via steps of a few interatomic distances. Thermal diffu-
sion at elevated temperatures may involve longer steps.
Theoretical picture of macroscopic relaxational dynam-
ics of vortices in the array of micron-size permalloy disks
agreed with experiment. In this paper we are asking the
question whether the displacement of the VC by a few
nanometers, or by a fraction of a nanometer, can be de-
tected via measurement of the tunneling current through
a Josephson junction that is made of a magnetic disk in
the vortex state. Mathematical formulation of the prob-
lem is outlined in Section II. The phase of the super-
conducting order parameter is calculated in Section III.
Josephson current is computed and plotted for a Py disk
in Section IV. Our results and suggestions for experiment
are discussed in Section V.
II. FORMULATION OF THE PROBLEM
We consider a ferromagnetic Josephson junction
(S/F/S), where the F-layer consists of a circularly polar-
ized magnetic disk. This essentially non-uniform ground
state is characterized by the curling of the magnetization
in the plane of the disk and by the existence of the vortex
that sticks out of the disk and carries small uncompen-
sated magnetic moment, see Fig. 1.
Notice that, in general, ferromagnetism weakens the
superconductivity at the S/F boundary due to the prox-
imity effect. It disappears if the ferromagnetic and super-
conducting surfaces are separated by a thin non-magnetic
insulating layer, leaving only electromagnetic interaction
of the Josephson junction with the ferromagnet, which
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Figure 1: Josephson current through a circularly polarized
magnetic disk.
is the case studied here. Under the practical condition
that the lateral size of the junction is smaller than the
radius of the disk, but much greater than the diameter
of the nanoscale VC, the Josephson current through the
junction can be calculated rigorously. It is dominated by
the configuration of the magnetization in the disk that
depends on the position of the VC. The latter can be dis-
placed by the external magnetic field parallel to the disk.
The VC can also exhibit circular motion that corresponds
to a collective gyroscopic mode of the disk. It can also
move spontaneously via thermal or quantum diffusion in
the presence of weak pinning. The aim of this paper is to
find out whether the tiny movements of the vortex core
can be detected by measuring the Josephson current.
The current-phase relation governing the dynamics of
the Josephson effect is given by the formula21
j = jm sinΦ21, (1)
where jm =
|e⋆|~
m⋆λJ
|Ψ|2 is the maximum current density
carried by the junction and Φ21 = Φ1 − Φ2 is the phase
difference between the two superconducting regions. We
assume that both superconductors are prepared of the
same material. Notice that e⋆ = −2e and m⋆ = 2me
are the charge and the mass of the Cooper pair. The
parameter λJ is the property of the junction and |Ψ| is
the equilibrium bulk value of the modulus of the super-
conducting wave function, Ψ = |Ψ|eiΦ.
In the presence of a magnetic field, the gauge-invariant
phase relation is given by the formula
Φ21 = Φ
(0)
21 +
2π
Φ0
∫ 2
1
~A · d~l, (2)
where Φ
(0)
21 is the phase difference across the junction,
Φ0 = hc/|e⋆| is the flux quantum, and ~A is the vector
potential that is determined by the magnetization field
~M within the volume V of the disk,
~A(~r) =
∫
V
∇′ × ~M(~r ′)
|~r − ~r ′| d
3~r ′ +
∮
∂V
~M(~r ′)× ~n′
|~r − ~r ′| d
2S′.
(3)
Here ~n′ is the vector normal to the surface of the disk.
Let L and R be respectively the thickness and the ra-
dius of the ferromagnetic disk. We set the coordinate
frame according to the symmetry of the system: the XY
plane coincides with the plane of the disk and the Z axis
coincides with the symmetry axis of the disk. The S/F
boundaries are located at z = ±L/2. According to the
geometry of our system, the path integral in Eq. (2)
must be performed along the Z axis between z = −L/2
(superconducting region 1/ferromagnet boundary) and
z = L/2 (ferromagnet/superconducting region 2 bound-
ary). Therefore, the gauge-invariant phase relation be-
comes
Φ21 = Φ
(0)
21 +
2π
Φ0
∫ L
2
−L
2
Az(~r) dz, (4)
where Az is the projection of the vector potential onto
the Z-axis.
III. COMPUTATION OF THE PHASE
DIFFERENCE
The magnetization field in the disk can be described
by the fixed-length vector
~M(Θ,Φ) =Ms(cosΦ sinΘ, sinΦ sinΘ, cosΘ) (5)
= Ms(
√
1−m2 cosΦ,
√
1−m2 sinΦ,m),
where Ms is the saturation magnetization of the ferro-
magnetic material and m = cosΘ is the projection of
the normalized magnetic moment onto the z axis. Let
~Xv(t, z) =
(
xv(t, z), yv(t, z)
)
be the coordinates of the
center of the VC in the XY plane. We assume the rigid-
ity of the vortex structure, which translates into the VC
coordinates being independent of the Z variable. We
use a quasi-static approximation in which no time de-
pendence of the VC coordinates is considered, which is
always valid for the slow motion of the vortex. Because of
this, we can rotate the coordinate axis in the XY plane
so that ~Xv = xv eˆx. Let (r, φ) be the polar coordinates in
the XY plane. The static solution of the magnetization
field is14
Φ0(x, y) = tan
−1(y/x− xv) + φ0
cosΘ0(r˜) =

 p
(
1− C1
(
r˜
∆0
)2)
r˜≪ ∆0
C2
(
∆0
r˜
)1/2
exp(−r˜/∆0) r˜≫ ∆0
where
3• r˜ = ||~r − ~Xv||2 is the radial distance from the VC
center.
• p = ±1 is the polarization of the magnetization.
• φ0 = ±π/2 corresponds to counter-clockwise/
clockwise rotation of the magnetization.
• ∆0 =
√
A/M2s is the exchange length of the mate-
rial.
• C1 = 37 and C2 = 47pe.
Introducing the vector basis for cylindrical coordinates,
eˆr = cosφeˆx + sinφeˆy, eˆφ = − sinφeˆx + cosφeˆy, (6)
the magnetization field can be split into ~M(r, φ, z) =
Mreˆr +Mφeˆφ +Mz eˆz, with
Mr = eˆr · ~M =Ms
√
1−m20 cos(Φ0 − φ) (7)
Mφ = eˆφ · ~M = Ms
√
1−m20 sin(Φ0 − φ) (8)
Mz = Msm0 (9)
Let φ˜v = tan
−1(y/x − xv). Then (r˜, φ˜v) are the polar
coordinates in the XY plane from the VC center. Fig. 2
shows the geometrical relation between both systems of
polar coordinates, from which we straightforwardly de-
duce the following identities,
r˜ = ||~r − ~X(t, z)||2 =
√
r2 + x2v − 2rxv cosφ, (10)
sin φ˜v =
r
r˜
sinφ, cos φ˜v =
1
r˜
(r cosφ− xv)
Figure 2: Relation between two systems of polar coordinates
used in the text.
According to the asymptotic dependences of the static
solution we have√
1−m20 ≃
{ √
2C1
r˜
∆0
r˜ ≪ ∆0
1 r˜ ≫ ∆0 (11)
and
sinΦ0 = C cos φ˜v, cosΦ0 = −C sin φ˜v, (12)
where C = sinφ0 = ±1 represents the circulation of mag-
netization field of the ground state.
In this paper we consider the limit R ≫ L,∆0. Being
interested in the tiny displacements of the VC due to,
e.g., quantum tunneling, we also shall assume that |xv| ≪
∆0. This allows us to obtain a perturbative expansion
of the phase difference across the junction in terms of
powers of xv.
A. Surface contribution
The surface of the disk consists of three surfaces,
∂V = S1 ∪ S2 ∪ S3, where S1 and S3 are respectively
the top and the bottom surfaces of the disk, and S2 is
the lateral surface. The corresponding normal vectors
are nˆ1 = −nˆ3 = eˆz and nˆ2 = eˆr. It is straightforward to
prove the following identities
~M × nˆ|S1 = − ~M × nˆ|S3 =Mφeˆr −Mreˆφ (13)
~M × nˆ|S2 = Mz eˆφ −Mφeˆz, (14)
so that the surface contribution to Az comes from inte-
gration over S2. This means that
Az(~r)|Surf =
∫
S2
eˆz ·
~M(~r ′)× ~n′
|~r − ~r ′| d
2S′ = (15)
∫
S2
r′ dφ′ dz′
−Mφ
|~r − ~r ′| = R
∫ L
2
−L
2
dz′
∫ 2π
0
dφ′
−Mφ
|~r − ~r ′|
∣∣∣∣
S2
The Coulomb potential can be expanded in cylindrical
coordinates as
1
|~r − ~r ′| =
∫ ∞
0
dk J0(kr˜)e
−k(z>−z<), (16)
were z< = min{z, z′}, z> = max{z, z′}, J0(x) is the zero-
order Bessel function of the first kind, and
r˜ =
√
r2 + r′2 − 2rr′ cos(φ− φ′) (17)
If z 6= z′ we can switch to the integration over φ and k,
which gives∫ 2π
0
dφ′(−Mφ|S2)
∫ ∞
0
dk J0(kr˜)e
−k(z>−z<) = (18)
∫ ∞
0
dk e−k(z>−z<)
∫ 2π
0
dφ′J0(kr˜)(−Mφ|S2),
By means of Eqs. (10),(11) and (12) we obtain the
following asymptotic expressions for Mφ,
Mφ ≃
{
Ms
C
∆0
√
2C1 [r
′ − xv cosφ′] r˜′ ≪ ∆0
MsC
r˜′ [r
′ − xv cosφ′] r˜′ ≫ ∆0 (19)
4Integration over surface S2 corresponds to the asymptotic
limit r˜′ ≫ ∆0, which leads to r′ ≫ xv. Consequently, we
can use the following expansion of the Coulomb potential
1
r˜′
≃ 1
r′
+
xv cosφ
′
r′2
(20)
and Mφ|S2 ≃MsC
(
(1 +O(xv/r))
2
)
.
Neumann’s addition theorem for Bessel functions leads
to the following expansion
J0(kr˜) =
∑
m≥0
ǫmJm(kr)Jm(kr
′) cos (m(φ− φ′)) , (21)
where ǫ0 = 1 and ǫm = 2, m > 0. With account of the
orthogonality of the Fourier basis {1} ∪ {cosmφ′}m∈N ∪
{sinmφ′}m∈N one obtains∫ 2π
0
dφ′J0(kr˜)(−Mφ)|S2 = (22)
− 2πMsCJ0(kr)J0(kR) +O
(
(xv/r)
2
)
.
On the other hand, we have the identity∫ ∞
0
dkJm(kr)Jm(kr
′)e−k(z>−z<) (23)
=
1
π
√
rr′
Qm− 1
2
[
r2 + r′2 + (z − z′)2
2rr′
]
,
where Qλ[z] is the Legendre function of second kind of
the degree λ,
Qλ[z] =
√
π
2λ+1
Γ(λ+ 1)
Γ(λ+ 3/2)
1
zλ+1
× (24)
2F1
(
λ+ 1
2
,
λ
2
+ 1, λ+
3
2
;
1
z2
)
,
with 2F1 being the hypergeometric function. Conse-
quently, Eqs. (16),(22) and (23) give∫ 2π
0
dφ′
−Mφ
|~r − ~r ′|
∣∣∣∣
S2
= −2MsC√
rR
× (25)
Q− 1
2
[
r2 +R2 + (z − z′)2
2rR
]
+O
(
(xv/r)
2
)
, z 6= z′.
The contribution of the ferromagnetic layer to the
phase difference of the junction is given by the path in-
tegral [see Eq. (4)]
ΦF21|Surf =
2πR
Φ0
∫ L
2
−L
2
dz
∫ L
2
−L
2
dz′
∫ 2π
0
dφ′
−Mφ
|~r − ~r ′|
∣∣∣∣
S2
,
(26)
To deal with the singularity of the integrand when ~r ′
equals ~r, we introduce the Cauchy principal value pre-
scription to the integration over the z variable, that is
∫ L
2
−L
2
dz′ ⇒ P
∫ L
2
−L
2
dz′ := lim
ǫ→0+
{∫ z−ǫ
−L
2
dz′ +
∫ L
2
z+ǫ
dz′
}
.
(27)
With account of this prescription Eq. (18) can be always
applied and so ΦF21|Surf becomes
ΦF21|Surf = −2MsC
2π
Φ0
√
R
r
∫ L
2
−L
2
dz × (28)
P
∫ L
2
−L
2
dz′Q− 1
2
[
r2 +R2 + (z − z′)2
2rR
]
+O(x2v)
B. Bulk contribution
Bulk contribution to the phase difference of the Joseph-
son junction stems from the projection of the curl of the
magnetization field onto the Z axis. That is,
Az(~r)|Bulk =
∫
V
eˆz ·
(
∇′ × ~M(~r ′)
)
|~r − ~r ′| d
3~r ′ (29)
=
∫ L
2
−L
2
dz′
∫ R
0
dr′
∫ 2π
0
dφ′
r′
(
∇′ × ~M(~r ′)
)
|~r − ~r ′| · eˆz
with the projection of ∇′ × ~M(~r ′) onto the Z axis being
eˆz ·
(
∇′ × ~M(~r ′)
)
=
1
r′
(
∂(r′Mφ′)
∂r′
− ∂Mr′
∂φ′
)
. (30)
As in the previous section, with account of Eq. (16) for
the cylindrical expansion of the Coulomb potential (if
z 6= z′) we have
∫ 2π
0
dφ′
[
r′eˆz ·
(
∇′ × ~M
)] ∫ ∞
0
dk J0(kr˜)e
−k(z>−z<) =
∫ ∞
0
dk e−k(z>−z<)
∫ 2π
0
dφ′J0(kr˜)
[
r′eˆz ·
(
∇′ × ~M
)]
,
(31)
Let z¯(′) = z(′)/∆0 and ρ
(′) = r(′)/∆0 be the set of nor-
malized spatial coordinates. With account of the nor-
malized versions of Eqs. (10),(11),(12),(20), and of the
approximation ρ˜′ ≃ ρ′ in the asymptotic regime ρ˜′ ≪ 1,
we have the following asymptotic expressions
eˆz ·
(
∇′ × ~M
)
≃MsC
√
2C1
∆0
[
(2− C1ρ′2)− 2 xv
∆0ρ′
(32)
× (2− C1ρ′2) cosφ′
]
for ρ˜′ ≪ 1 and
eˆz ·
(
∇′ × ~M
)
≃ MsC
∆0ρ′
[
1 +
xv
∆0ρ′
cosφ′
]
(33)
in the asymptotic regime ρ˜′ ≫ 1.
Again, in the case of z 6= z′ the addition theorem (21),
orthogonality of the Fourier basis and the identity (23)
5lead to the following asymptotic expressions
∫ 2π
0
dφ′
r′
(
∇′ × ~M
)
· eˆz
|~r − ~r ′| ≃
2MsC
√
2C1
∆0
√
ρρ′
× (34)[
(2− C1ρ′2)ρ′Q− 1
2
[χ]− 2 xv
∆0
(2− C1ρ′2)Q 1
2
[χ] cosφ
]
for ρ˜′ ≪ 1 and
∫ 2π
0
dφ′
r′
(
∇′ × ~M
)
|~r − ~r ′| · eˆz ≃
2MsC
∆0
√
ρρ′
× (35)[
Q− 1
2
[χ] +
xv
∆0ρ′
Q 1
2
[χ] cosφ
]
in the asymptotic regime ρ˜′ ≫ 1, where the expansions
in the right side have been performed up to first order in
the VC displacement and
χ =
ρ2 + ρ′2 + (z¯ − z¯′)2
2ρρ′
. (36)
In the same manner as in the previous section, we in-
troduce the Cauchy principal value prescription to avoid
singularities in the integrand of the bulk contribution to
the phase difference. Therefore we obtain
ΦF21|Bulk =
2π
Φ0
∫ L
2
−L
2
Az(~r)|Bulk dz = 2π
Φ0
∆30
∫ L
2∆0
−L
2∆0
dz¯
× P
∫ L
2∆0
−L
2∆0
dz¯′
∫ R
∆0
0
dρ′
∫ 2π
0
dφ′
r′
(
∇′ × ~M
)
· eˆz
|~r − ~r ′|
=
2π
Φ0
2MsC∆
2
0√
ρ
∫ L
2∆0
−L
2∆0
dz¯ P
∫ L
2∆0
−L
2∆0
dz¯′
{√
2C1
∫ 1
0
dρ′√
ρ′
×
[
(2− C1ρ′2)ρ′Q− 1
2
[χ]− 2 xv
∆0
(2 − C1ρ′2)Q 1
2
[χ] cosφ
]
+
∫ R
∆0
1
dρ′√
ρ′
[
Q− 1
2
[χ] +
xv
∆0ρ′
Q 1
2
[χ] cosφ
]}
, (37)
where we have split integration over ρ′ into the domains
[0, 1] and [1, R/∆0] corresponding to the asymptotic ex-
pansions of the integrand [see Eq. (34) and (35)]. As
before, we are working under the assumption of an in-
finitesimal displacement of the VC from the center of the
disk, xv ≪ 1, so that the deformation of the VC area
with respect to the centered case (ρ′ ≤ 1) is small and
can be safely neglected in the integration process, sim-
plifying the calculations.
IV. COMPUTATION OF THE JOSEPHSON
CURRENT
According to the gauge-invariant phase relation [Eq.
(2)], the superconducting phase difference splits into the
sum of the intrinsic component and of both surface and
bulk contributions, which are given by Eqs. (28) and (37)
respectively, due to the presence of the F-layer. That is,
Φ21(ρ, φ) = Φ
0
21 +Φ
F
21|Surf +ΦF21|Bulk (38)
= Φ021 + a(ρ) + b(ρ) cosφ,
where the functions a(ρ) and b(ρ) are given by
a(ρ) =
4πMsC∆
2
0
Φ0
√
ρ
∫ L
2∆0
−L
2∆0
dz¯ P
∫ L
2∆0
−L
2∆0
dz¯′× (39)
{√
2C1
∫ 1
0
dρ′√
ρ′
(2− C1ρ′2)ρ′Q− 1
2
[χ] +
∫ R
∆0
1
dρ′√
ρ′
Q− 1
2
[χ]
−
√
R
∆0
Q− 1
2
[
ρ2 + (R/∆0)
2 + (z¯ − z¯′)2
2ρR/∆0
]}
.
b(ρ) =
xv
∆0
4πMsC∆
2
0
Φ0
√
ρ
∫ L
2∆0
−L
2∆0
dz¯ P
∫ L
2∆0
−L
2∆0
dz¯′× (40)
{∫ R
∆0
1
dρ′
ρ′3/2
Q 1
2
[χ]− 2
√
2C1
∫ 1
0
dρ′√
ρ′
(2− C1ρ′2)Q 1
2
[χ]
}
.
The current density across the junction is given by the
current-phase relation (1):
j = jm sin
(
Φ021 + a(ρ) + b(ρ) cosφ
)
. (41)
With account of the Jacobi-Anger expansions
cos(b(ρ) cosφ) = J0(b(ρ)) + 2
∑
n≥1
(−1)nJ2n(b(ρ)) cos(2nφ),
sin(b(ρ) cosφ) = 2
∑
n≥0
(−1)nJ2n+1(b(ρ)) cos
(
(2n+ 1)φ
)
,
(42)
and of the uniform convergence of these series (b(ρ) is a
bounded function over the domain [0, R/∆0]), we have
the identities∫ 2π
0
dφ sin
(
b(ρ) cosφ
)
= 0, (43)
∫ 2π
0
dφ cos
(
b(ρ) cosφ
)
= 2πJ0(b(ρ)). (44)
Combined with the trigonometric identity sin(Φ021 +
a(ρ) + b(ρ) cosφ) = sin
(
Φ021 + a(ρ)
)
cos(b(ρ) cosφ) +
cos
(
Φ021 + a(ρ)
)
sin(b(ρ) cosφ) they lead to the following
expression
∫ 2π
0
dφ sin
(
Φ021 + a(ρ) + b(ρ) cosφ
)
= (45)
2πJ0
(
b(ρ)
)
sin
(
Φ021 + a(ρ)
)
.
The total current can be obtained by integrating Eq.
(41) over the surface, SJ = πR
2
0, of the junction of radius
R0, centered at the origin of the XY Z coordinate frame.
6Therefore, we obtain the following expression for the total
current
I =
∫
SJ
d2~r jm sinΦ21 = (46)
= Im
∫ R0/∆0
0
ρ dρ J0
(
b(ρ)
)
sin
(
Φ021 + a(ρ)
)
,
where
Im = 2πjm∆
2
0 =
|e⋆|h
m⋆λJ
|Ψ|2∆20 (47)
is the maximum current carried by the junction.
In estimating the effect of the displacement of the VC
we shall assume that the intrinsic phase difference of the
junction, Φ021, is zero. Fig. 3 shows variation of the
Josephson current, ∆I = I0 − I, resulting from small
displacements of the VC with respect to the center of
the disk, for different values of the parameter λ = R0/R.
The variation of the current is normalized with respect
to I0 = I(xv = 0). Computation has been performed
for a permalloy disk of normalized radius R/∆0 = 100
and normalized thickness L/∆0 = 6. We have used the
experimental values Ms = 7.5 · 105 A/m and A = 1.3 ·
10−11 J/m for permalloy, which give ∆0 ≃ 15.2 nm.
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Figure 3: Variation of the Josephson current for different val-
ues of the parameter λ = R0/R as a function of the normal-
ized VC displacement from the center of the disk. The current
is normalized by I0 = I(xv = 0).
V. DISCUSSION
We have studied how the tunneling current through
the Josephson junction containing a circularly polarized
magnetic disk changes when the center of the vortex is
displaced by a tiny distance due to, e.g, thermal acti-
vation or quantum tunneling. The numerical work has
been done for disk of the thickness that is few times
greater than the diameter of the vortex core. The latter
in permalloy is about 15nm, which for L/∆0 = 6 used in
the plot of Fig. 3 corresponds to the disks of thickness of
90nm. Such disks have been experimented with in Refs.
11,14 where thermal and quantum diffusion of vortices
has been observed. Such a thickness of the disk is well
suited for the use in the Josephson junction.
The change in the Josephson current due to the dis-
placement of the VC from the center of the disk has been
computed in the range up to xv ∼ 0.1∆0, which cor-
responds to 1.5nm for a permalloy disk. The maximal
change in the Josephson current in this range of the dis-
placement is of order of a few tenth of a percent, which
is within experimental range. It grows fast with the dis-
placement for R0/R below 0.1, which for a disk of radius
of 1.5µm used in Refs. 11,14 corresponds to the Joseph-
son junction of the lateral size 0.3µm. While in calcula-
tions we used a circular junction, its geometry does not
really matter as long as its size R0 < R is large compared
to ∆0. Smaller junctions produce stronger effect.
Our calculation and numerical estimates clearly illus-
trate that a Josephson junction with a magnetic disk in
the vortex state would be an interesting physical system
that can be used to measure the nanoscale motion of the
vortex core. Manufacturing of such junctions and ex-
perimenting with them may open up an exciting field of
research on quantum and classical dynamics of magnetic
vortices.
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